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Abstract. In this paper we study the k-station placement problem (k-
SP problem, in short) on graphs. This problem has application to efficient
multicasting in circuit-switched networks and to space efficient traversals.
We show that the problem is NP-complete even for 3-stage graphs and
give an approximation algorithm with logarithmic approximation ratio.
Moreover we show that the problem can be solved in polynomial time
for trees.
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1 Introduction

In this paper we introduce and study the k-station placement problem on graphs.
Consider a communication network modeled by a weighted directed graph G =
(V, E) where the length l(e) of an edge e is the cost of sending a message along
that edge. Any vertex u of G that needs to communicate with another vertex
v does so by first establishing a virtual circuit p from u to v along a path
connecting u and v and then by sending the message. The cost of establishing a
virtual circuit p is the sum of the lengths of the edges of p. Suppose now, that we
are given a distinguished source vertex s and a set D of destination vertices and
that s needs to multicast a message to the vertices of D. One possible way of
performing this task would be for s to establish a virtual circuit with each vertex
v of D along the shortest path between s and v. This approach has the advantage
that transmission is achieved in one step but its cost might be very high: one
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edge might be used by multiple circuits with the effect that its cost would be
added with same multiplicity to the total cost. A different approach would be to
identify a set S1 of intermediate stations and assign each vertex of D to a vertex
of S1. The communication takes places in two steps. First, s establishes a virtual
circuit with each of the vertices of S1 and transfers the message. In the second
phase, each vertex of S1 establishes circuits with its assigned destinations so that
the message is finally delivered to the destination vertices. In general, one can
have k sets S1, · · · , Sk of intermediate stations. The communication takes place
in k steps: the source vertex establishes a circuit with each of the vertices of S1

(level 1 stations); vertices of Si (level i stations), 1 ≤ i < k, establish circuits
with the vertices of Si+1 (level i + 1 stations) and finally vertices of Sk establish
circuits with the vertices of D.

There is a clear tradeoff between the number of steps needed to complete the
multicasting (that is the number of intermediate stations along a path from s
to a destination vertex) and the cost of the transmission: 1-step communication
incurs in high cost; having each vertex as an intermediate destination yields
minimum cost multicasting but it completely wastes the performance offered by
circuit-switched network.

In this paper we study the problem of allocating intermediate stations in a
graph so that at most k station are encountered on a path from the source to a
destination and the cost of multicasting is minimum.

The k-SP problem has also applications to the problem of of traversing an
ordered binary tree T . Each vertex of the tree has pointers to the left and right
child only and we are provided with a pointer to the root of the tree. The inorder
traversal of the tree reaches all the leaves of the tree in time O(n) (here n is
the number of vertices of T ). However, in the worst case, it needs Ω(n) registers
to store the addresses of the vertices of T for which the traversal has not been
completed yet. This is hidden by the recursive approach often used to present
the inorder traversal. Alternatively, one might consider the following approach.
Each leaf v of a binary tree of depth h is uniquely identified by the binary string
Path(v) of length at most h that describes the path from the root to v (0 stands
for a link to a left child and 1 for a link to a right child). Thus, we have the
following very simple algorithm: for each leaf v, start from the root of T and
follow the path specified by Path(v). As it is easily seen this algorithm does not
need any additional register to store addresses of vertices of the tree but, on the
other hand, its running time is proportional to the path length of the tree that
can be Ω(n2). In general, one might ask to perform the fastest traversal of the
tree given that only k registers are available. As it will be clear in the sequel,
this problem is closely related to the k-SP problem.
The k-Station Placement Problem. We now formally define the k-Station
Placement (k-SP) problem.

Definition 1 (The k-SP Problem). An instance of the k-SP problem consists
of a directed graph G = (V, E), a length function ` defined over the edges of G,
an integer k, a source vertex s and a set of destination vertices D.
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A feasible solution to the k-SP problem (or k-placement) consists of k+1 sets
of stations S1, · · · , Sk, Sk+1, with Sk+1 = D, and k assignments φ1, · · · , φk, with
φi mapping vertices of Si+1 into vertices of Si ∪ {s}. For every i, function φi

must satisfy the following property (that we will call strictness): for any v ∈ Si+1,
the lightest path from v to φi(v) does not contain any vertex in Si+1 other than
v.

The cost of a feasible solution P = (S1, · · · , Sk, φ1, · · · , φk) is

Cost(P ) =
k∑

i=0

∑
v∈Si+1

w(φi(v), v),

where φ0(v) = s for all v ∈ S1 and w(u, v) is the cost of the shortest path from
u to v according to `.

The task is to compute a feasible solution of minimum cost.

The strictness property guarantees that the shortest path from the source
to any destination node contains no more than k stations. If the property does
not hold, we have a new problem we call the k-Unrestricted Station Placement
problem, or k-USP problem.

Going back to the example of multicasting in a network G, we observe that
the minimum-cost k-hop multicasting is obtained by solving the k-SP problem
on G. The k-placement gives the k sets S1, · · · , Sk of intermediate destinations
and specifies, by means of the φi’s, the virtual connections each vertex of Si

has to establish (i.e., v ∈ Si has to establish a virtual circuit with each vertex
u ∈ Si+1 such that φi(u) = v). The cost of the k-placement is the sum of the
lengths of the circuits that are established to accomplish multicasting.

Let us now briefly discuss how the k-SP problem can be used to design the
fastest traversal of a tree T using at most k registers to store pointers to vertices.
Suppose we have the solution to the k-SP problem on T with s equal to the root
of T and the set D equal to the set of leaves of T . The traversal proceeds in
the following way. From the root, we reach each of the vertices of S1. While at
s1 ∈ S1, we recursively traversal the tree rooted at s1 using k − 1 registers (one
register is used to keep a pointer to s1). It is easy to see that the cost of the
k-placement is equal to the time spent to perform the visit.

Missing proofs and other generalizations of the problems can be found into
the final version of the paper.
Related Problem. The Steiner tree problem defined as follows shows some
similarity to the k-SP problem.

Definition 2. Steiner Tree Problem
INSTANCE: a simple graph G = (V, E), a weight function w(e) ∈ N for each
edge e ∈ E, a target subset D ⊆ V of vertices.
TASK: find a minimum weight subtree of G that covers all vertices in D.

It is well known that this problem is NP-Complete ([ND12] in [4]). The k-SP
problem differs from the Steiner tree problem because of different cost functions.
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However, in Section 4, we show how an approximate solution to the k-SP can be
derived from an approximate solution to a special variation on the Steiner tree
problem.
Roadmap. In Section 2, we show that the k-SP problem is NP-complete for
any value of k, even if we consider multi-stage directed graphs with all the
edges having the same length. In Section 3.1, we present a polynomial-time
algorithm k-SP-Tree for the special case of trees and in Section 3.3 we present
an algorithm based on dynamic programming for the 1-USP problem on constant
degree trees. In Section 4, we give approximation algorithms for the k-USP
problem.

2 Hardness Result for Multi-stage Graphs

In this section we first prove that the 1-SP problem is NP-Complete even on
3-stage directed graphs by reducing Set Cover (SC for short) to this problem.
Based on this, we also prove that for any k, the k-SP problem is NP-Complete
on (k + 2)-stage directed graphs. We further show similar results for undirected
multi-stage graphs. The decisional version of k-SP problem is the following:

Definition 3. (Decisional k-Station Placement (k-DSP))
INSTANCE: (G, s, D, `, B) where G = (V, E) is a simple connected graph, s ∈ V
is the source, D ⊆ V is a set of destinations, ` : E → N is a positive function,
representing length of edges, and B is a positive integer.
QUESTION: is there a feasible solution (S1, . . . , Sk, φ1, . . . , φk) to the k-SP prob-
lem on G such that Cost(S1, . . . , Sk, φ1, . . . , φk) ≤ B?

We now briefly recall the definition of decisional-SC and p-stage graphs and
then we show the reduction of decisional-SC to 1-SP problem.

Definition 4. Decisional Set Cover
INSTANCE: (T, C, B) where C is a collection of subsets of a finite set T and B
is an integer.
QUESTION: is there a set cover for S (i.e., a subset C′ ⊆ C such that every
element in S belongs to at least one member of C′) of cardinality less or equal
to B?

The problem has been shown to be approximable within 1 + ln |T | in [5] and
not approximable within (1−ε) ln |T | for any ε > 0 unless NP⊂Dtime(nlog log n)
in [3].

Definition 5 (p-Staged Graphs). A p-stage graph G = (V, E) is a directed
graph whose vertices can be partitioned into p sets V1, . . . , Vp such that for every
edge (u, v) ∈ E, u ∈ Vi and v ∈ Vi+1 or vice-versa for some i = 1, . . . , p − 1. A
weighted p-stage graph is a p-stage graph with weights on edges. A strong p-stage
graph is a p-stage graph with edges directed from Vi to Vi+1 for i = 1, . . . , p− 1.
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Theorem 1. 1-DSP on weighted strong 3-stage graphs is NP-Complete even if
all the edges have the same weight.

Proof. Obviously, the 1-DSP problem is in NP. We reduced Decisional-SC to
1-DSP. Suppose I = (T, C, B) is an instance of Decisional-SC in which C =
{C1, . . . , Cn} and, for i = 1, . . . , n, Ci ⊆ T = {t1, . . . , tm}. We construct a
quintuple I ′ = (G, s, D, `, B′) such that if I ′ belongs to 1-DSP then I belongs to
Decisional-SC, where G = (V, E) is a strong the following 3-stage graph:

V = {s} ∪ {C1, . . . , Cn} ∪ {t1, . . . , tm}
E = {(s, Ci) | i = 1, . . . n} ∪ {(Ci, tj) | tj ∈ Ci}

D = T and, w.l.o.g., we assume that for any e ∈ E, `(e) = 1.
Let (S∗, φ∗) be a 1-placement for G such that Cost(S∗, φ∗) ≤ B + |D| for

source s and set of destinations D = {t1, . . . , tm}.
Suppose, at first, that S∗ ⊆ C, then, by definition, S∗ is a set cover for C.

Moreover, the cardinality of the set cover is less or equal to B:

B + |D| ≥ Cost(S∗, φ∗) =
∑
v∈S∗

w(s, v) +
∑
d∈D

w(φ∗(d), d) =
∑
v∈S∗

1+
∑
d∈D

1 = |S∗|+ |D|.

Suppose, now, that S∗ 6⊆ {C1, . . . , Cn}. Then, by the strictness property,
either S∗ = {s} or S∗ contains some vertex in {t1, . . . , tm}. In both cases, we
show how to construct, in polynomial time, a new feasible 1-placement (S, φ) for
G such that S ⊆ C and Cost(S, φ) ≤ Cost(S∗, φ∗):

1. S∗ = {s} : Notice that Cost(S∗, φ∗) = 2|D| because, for every d ∈ D,
w(s, d) = 2. Define a new function φ : D → {C1, . . . , Cn} that associates, to
every d ∈ D, a vertex Ci on one path from s to d. Let S = {φ(d)|d ∈ D} and
consider the new 1-placement (S, φ); by construction

Cost(S, φ) = |S| + |D| ≤ 2|D| = Cost(S∗, φ∗).

2. There exists a node t such that t ∈ S∗∩{t1, . . . , tm} : Also in this case, we
construct a new feasible solution by substituting t in S∗ with one of its parent
in C. As t has no outgoing edges, there is no destination vertex d ∈ D, different
from t, such that φ∗(d) = t and thus the cost of this new placement is less or
equal to the cost of (S∗, φ∗). ut

We can prove that the problem is NP-complete also for undirected graphs.

Theorem 2. 1-DSP on undirected weighted 3-stage graphs is NP-Complete.

Moreover, by the known non-approximability results [3] of Set Cover we have
the following corollary.

Corollary 1. 1-DSP on weighted 3-stage graphs is not approximable within (1−
ε) ln |D| for any ε > 0, unless NP⊂Dtime(nlog log n), even if all edges have the
same weight.
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Lemma 1. For all i ≥ 1, i-DSP reduces to (i + 1)-DSP.

Proof. Let I = (G = (V, E), s ∈ V, D ⊆ V, ` : E → N , B ∈ N ) be an instance
of the i-DSP problem. Construct graph G′ = (V ∪ {z1, z2}, E ∪ {(z1, s), (s, z2)})
and let `′ : E′ → N be the natural extension of ` to G′ such that `′(z1, s) =
|V |∑v,u∈V w(v, u) and `′(s, z2) > 0. Consider the following instance of (i + 1)-
DSP problem: I ′ = (G′, z1, D ∪ {z2}, `′, B + `′(z1, s) + `′(s, z2)).

We now show how to derive a feasible solution P = (S1, S2, . . . , Si, φ1, . . . , φi)
to instance I given a feasible solution P ′ = (S′

1, S
′
2, . . . , S

′
i+1, φ

′
1, . . . , φ

′
i+1) to

instance I ′. By the strictness property we deduce that if s ∈ S′
1 then S′

1 = {s}
and, thus, given P ′ only the following cases can arise:

1. S′
1 = {s}: if there is only one station at the first level and this station is

exactly s, restricting P ′ to graph G, we obtain a feasible solution P for I.
2. S′

1 6= {s}: we can construct a new feasible solution P ′′ = (S′′
1 , S′

2, . . . , S
′
i+1,

φ′′
1 , φ′

2, . . . , φ
′
i+1) to I ′, such that S′′

1 = {s} and, for every v ∈ S′
2, φ′′

1 (v) = s. P ′′

is a feasible solution to I′, and Cost(P ′) ≥ Cost(P ′′):

Cost(P ′) = w(z1, z2) +
∑
v∈S′

1

w(z1, v) +

k∑
i=1

∑
v∈S′

i+1

w(φ′
i(v), v)

= `′(z1, s) + `′(s, z2) + |S′
1|`′(z1, s) +

∑
v∈S′

1

(s, v) +

k∑
i=1

∑
v∈S′

i+1

w(φ′
i(v), v)

≥ `′(z1, s) + `′(s, z2) + |S′
1|`′(z1, s) +

∑
v∈S′

2

w(φ′
1(v), v) +

k∑
i=2

∑
v∈S′

i+1

w(φ′
i(v), v) (1)

≥ `′(z1, s) + `′(s, z2) +
∑
v∈S′

2

w(s, v) +

k∑
i=2

∑
v∈S′

i+1

w(φ′
i(v), v) = Cost(P ′′) (2)

where, to go from (1) to (2), we used the fact that `′(z1, s) ≥ ∑
v∈S′

2

w(s, φ′
1(v)). Restricting P ′′ to graph G, we have a feasible solution P for I

and

B + `′(z1, s) + `′(s, z2) ≥ Cost(P ′′) = `′(z1, s) + `′(s, z2) + Cost(P ).

ut
From Theorem 1 and Lemma 1 we obtain:

Corollary 2. k-DSP on weighted strong (k + 2)-stage graphs is NP-Complete
even if all edges have the same weight.

From Theorem 2 and Lemma 1 we obtain:

Corollary 3. The k-DSP problem is NP-Complete on (k + 2)-stage graphs.
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Finally, by Lemma 1, Corollary 1, we have the following non-approximability
result:

Theorem 3. The k-DSP problem is not approximable within (1 − ε) ln |D| for
any ε > 0 unless NP⊂Dtime(nlog log n).

3 Optimal Placement on Trees

In this section we present polynomial-time algorithms for the k-SP problem and
the k-USP on directed trees. We first present an algorithm for the 1-SP problem
and, then, extend it to the general case k > 1. We then show a simple dynamic-
programming algorithm for the 1-USP problem.

W.l.o.g., we can assume that the set D of destinations is the set of leaves in
the tree T . Indeed, starting from T we can remove the leaves that are not in D
and for any internal vertex v ∈ D, we can add a new leaf dv, that becomes a
new destination, and a new edge (v, dv) with cost zero, obtaining a new tree T ′.
It is easy to see that solving the problem on T is equivalent to solve the problem
on T ′.

In the following, for any vertex v, we denote by T (v) the subtree rooted at
v, by L(v) the set of leaves in T (v) and by p(v) the parent of v in T .

3.1 Optimal 1-Station Placement on Directed Trees

We present algorithm 1-SP-Tree for the 1-SP problem on a n-vertex tree T
with source s and set of destinations D consisting of all the leaves of T .

The algorithm associates, in O(n) time, a cost c(u, v) to every edge (u, v) of
the tree in the following way:

c(u, v)def=w(s, v) +
∑

d∈L(v)

w(v, d). (3)

Referring to the k-hop multicasting example, we can think that c(u, v) cor-
responds to the cost of multicasting to the vertices of D ∩ T (v) by placing one
station at node v: the first term is the cost of sending the message from the
source to v and the second is the cost of sending messages from v to the vertices
of D ∩ T (v) without using any other intermediate station.

Next, algorithm 1-SP-Tree constructs a graph G by adding a new vertex
t to T and by connecting the vertices of D to t using infinite-cost edges. Then
the algorithm computes a minimum cut of G with respect to source s and sink
t. Let C be the computed cut; the algorithm outputs placement (S1, φ1) such
that: S1 consists of all the vertices v such that the edge (p(v), v) belongs to C;
function φ1 assigns to each vertex v ∈ D its closest ancestor that belongs to S.

Theorem 4. Algorithm 1-SP-Tree, on input an n-vertex tree T , outputs an
optimal solution to the 1-SP problem on T in time O(M(n)), where M(n) is the
running time of the fastest Min-Cut algorithm on n vertex graphs.
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Proof. The analysis of the running time is obvious. Correctness follows from two
observations: first, by construction, placement (S1, φ1) output by 1-SP-Tree
is a feasible solution. Second, for every 1-placement P = (S, φ) on T , we can
derive a legal cut C′ for G such that Cost(P ) = Cost(C′): cut C′ is simply
composed by the edges (p(v), v) for every v ∈ S. The proof now simply follows
by contradiction. ut

3.2 Optimal k-Station Placement on Trees

In the following, we say that, given a k-placement P = (S1, · · · , Sk, φ1, · · · , φk),
the subplacement of P with respect to a vertex t ∈ Si, denoted by P |t, is the
restriction of P to T (t). We start with the following lemma.

Lemma 2. Let P = (S1, · · · , Sk, φ1, · · · , φk) be an optimal k-placement for a
tree T , then for every station t ∈ S1 the subplacement P |t is an optimal (k− 1)-
placement for the subtree rooted in t.

Proof. By the way of contradiction, assume that P is an optimal k-placement for
a tree T and that there exists one vertex t ∈ S1 for which P |t is not an optimal
(k − 1)-placement and, thus, there exists a new placement P ′|t with lower cost.
We can, thus, construct a new placement P ′ for T , substituting P ′|t to P |t, such
that Cost(P ′) < Cost(P ) contradicting the hypothesis. ut

Algorithm k-SP-Tree works in k phases: the first phase computes optimal
solution for the 1-SP problem for T (v), for each vertex v; phase j > 1, computes,
for every vertex v, an optimal j-placement for T (v) using the optimal (j − 1)-
placements computed at the previous phase. In details:

Phase 1: For every v in T compute an optimal 1-placement P1(v) for T (v) and
its corresponding cost. This is done by running algorithm 1-SP-Tree.

Phase 1 < j < k: For every node v in T compute an optimal j-placement Pj(v)
for T (v) by defining costs for every edge (x, y) in T (v) in the following
way: c(x, y) = w(v, y) + Cost(Pj−1(y)). Compute,then, a Min-Cut on this
subtree (notice that Cost(Pj−1(y)) has been computed for every y during
the previous phase).

Phase k: Compute an optimal k-placement for T defining new costs for every
edge (u, v) in T in the following way: c(u, v) = w(s, v) + Cost(Pk−1(v)).
Compute,then, a Min-Cut on T .

The correctness of algorithm k-SP-Tree follows directly from Lemma 2.
Moreover observe that k-SP-Tree has to solve O(k · n) min-cut problem on n
vertex graphs and, thus, its running time is O(k · n · M(n)).

Theorem 5. Algorithm k-SP-Tree, on input a weighted tree with n vertices,
a distinguished vertex s, a set of destinations D and an integer k, outputs a
k-placement of minimum cost in time O(k · n · M(n)).
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3.3 Optimal 1-Unrestricted Station Placement on Trees

We will now present algorithm 1-USP-Tree based on dynamic programming to
solve the 1-USP problem on a binary directed tree T where the source s is the
root of T . For the sake of presentation, we assume the tree to be binary, but the
results can be easily extended to constant degree trees. In the following we will
say that a destination d is served by a station v if φ(d) = v.

Notice, first, that an optimal 1-placement has an optimal substructure; in
fact, with a proof analogous to the one of Lemma 2, we can prove that:

Lemma 3. Given a tree T rooted in s and an optimal 1-placement OPT for
T , let u1 and u2 be the children of s. Then, OPT |u1 and OPT |u2 are optimal
1-placements for T (u1)∪{s} and T (u2)∪{s}, respectively, where the source is s
for both placements and L(u1) and L(u2) are the destination sets, respectively.

The proof is analogous to the one of Lemma 2.
We now define the value of an optimal solution recursively in terms of the

optimal solutions to subproblems. A subproblem is defined as determining the
cost of a placement in a subtree rooted in v placing no more than k stations and
serving all the leaves of T (v), except a given number λ.

Given tree T , let C(v, k, λ) be the minimum cost of serving destinations in
L(v), using at most k stations and knowing that there are exactly λ leaves of
T (v) that are served by some station placed in the up going path from v to s;
i.e., these leaves will not be served by the k stations we will place in T (v). We
define C(v, k, λ) in the recursive following way:

If v is a leaf, then C(v, k, 1) = 0, while for λ 6= 1, we have C(v, k, λ) = +∞.
If v is not a leaf, let u1 and u2 be its children. C(v, k, λ) is calculated choosing

the cheapest solution between placing or not placing a station in v and looking
for the optimal solutions for T (u1) and T (u2). This is done according to the
following constraints:

1. if we place (respectively not place) a station in v, then we can not place
more than k − 1 (resp. k) stations in the subtrees;

2. if we place a station in v, then this station will serve f > 0 leaves of T (v),
f1 ≤ |L(u1)| of them in L(u1) and f2 ≤ |L(u2)| in L(u2).

3. if λ > 0, then λ = λ1 +λ2 leaves are served by a station ancestor of v such
that 0 ≤ λ1 ≤ |L(u1)| are in T (u1) and 0 ≤ λ2 ≤ |L(u2)| are in T (u2).

Now, let CY (v, k, λ) (respectively CN (v, k, λ)) be the cost of placing (resp.
non placing) a station in v and placing k − 1 (resp. k) stations in the subtrees,
knowing that λ ≥ 0 leaves are served by an ancestor station. Then,

C(v, k, λ) =
{

min {CY (v, k, λ), CN (v, k, λ)} if λ ≤ |L(v)|
+∞ otherwise

Both CY (v, k, λ) and CN (v, k, λ) are the sum of two terms: the first counts
how many times edges (v, u1) and (v, u2) are traversed; i.e., edge (v, ui), i = 1, 2,
is traversed once for every station placed in T (ui), once for every leaf in L(ui)
served by a station ancestor of v and once for every leaf in L(ui) served by v.
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The second is the recursive call on T (u1) and T (u2) with the proper value of the
parameters. In details:

1. If λ = 0 then CN (v, k, 0) is equal to:

min
0 ≤ x + y ≤ k

{`(v, u1) · x + `(v, u2) · y + C(u1, x, 0) + C(u2, y, 0)}

2. If λ 6= 0 then CN (v, k, λ) is equal to:

min
0 ≤ x + y ≤ k,
λ1 + λ2 = λ,

λi ≤ |L(ui)|, i = 1, 2

{`(v, u1)(x + λ1) + `(v, u2)(y + λ2) + C(u1, x, λ1) + C(u2, y, λ2)}

In fact, if we do not place a station in v and we do not serve any leaf of an
ancestor station, we simply look for the best way to distribute up to k stations
in the subtrees. If we serve some leaves of an ancestor station, we have to find
the cheapest way to distribute these too.

Before giving the definition of CY (v, k, λ), we need the following lemma:

Lemma 4. Given any optimal solution OPT = (S, φ) to the 1 − USP problem
on binary tree T and a leaf l, there does not exist a vertex v ∈ S, different from
φ(l), that belongs to the unique path going from φ(l) to l.

It is important to notice that the previous Lemma does not state that two
stations cannot be on the same root-leaf path, but only that, in the optimal
solution, leaves are served by the closest station.

As a consequence of the Lemma 4, we define CY (v, k, λ) 6= +∞ only when
λ = 0. Thus, if λ = 0, CY (v, k, 0) is equal to

min
0 ≤ x + y ≤ k − 1,

f1 + f2 > 0,
0 ≤ fi ≤ |L(ui)|, i = 1, 2

{`(v, u1)(x + f1) + `(v, u2)(y + f2) + C(u1, x, f1) + C(u2, y, f2)}

In fact, if we place a station in v we only have up to k − 1 station to place
in the subtrees and we have to find most convenient set of leaves of T (v) to be
served by v.

Finally, the cost of an optimal solution OPT for tree T rooted in s is calcu-
lated in the following way:

Cost(OPT ) = C(s, n, 0).
To recover OPT, it is sufficient to remember the vertices in which we placed

the stations and this gives us set S. Function φ is easily determinate using
Lemma 4: given leaf l, φ(l) is the first vertex of S we find on the upgoing path
from l to the root of the tree.

Theorem 6. Algorithm 1-USP-Tree on binary trees runs in O(n5).

Proof. For every vertex v in T and each of the O(n2) pairs (x, y) such that
x + y ≤ n we have to consider the O(n2) pairs (λ1, λ2) such that λ1 + λ2 ≤ n.
and the O(n2) pairs (f1, f2) such that f1 + f2 > 0 and f1, f2 ≤ n. ut
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4 Approximation Algorithm on General Graphs

In Section 2 we have shown that the k-SP problems is NP-Complete. This implies
the following:

Corollary 4. The k-DUSP problem is NP-Complete for every k.

In this section we show an approximation algorithm for this problem on
general graphs. The key idea of the algorithm is to reduce the k-USP to the
problem of computing a Steiner tree with bounded depth on a graph. Let K|V |
be the complete graph over |V | vertices in which the weight of edge (x, y) is the
cost of the shortest path from x to y in the graph G. The cost of the (k+1)-depth
Steiner minimum tree of K|V | is equal to the cost of the optimal solution of the
k-USP problem on G. For the sake of presentation, we will present only the case
k = 1, but similar arguments can be used for the case k > 1.

Lemma 5. Let T be a Steiner tree rooted at s for graph K|V | with depth at most
2 and target D. There exists a 1-placement P for the graph G with source s on
destination set D such that Cost(P ) = Cost(T ).

Proof. The placement P is constructed as follows: the set of stations consists of
the vertices at level 1 in the tree T . For each vertex in v ∈ D, φ1(v) is the parent
of v in the tree T . ut

Using a dual argument it is possible to prove the following:

Lemma 6. Let P be a 1-placement for the graph G on destination set D and
source s. There exists a Steiner tree T rooted at s with maximum height 2 on
the clique K|V | with target D such that Cost(P ) = Cost(T ).

Lemma 7. Let P ∗ be an optimal 1-placement for a graph G on destination set
D and let T ∗ be a minimum Steiner tree on the complete graph of shortest paths
in G. It holds that:

Cost(P ∗) = Cost(T ∗)

Proof. Assume, by contradiction, that Cost(P ∗) < Cost(T ∗). By Lemma 6, it
is possible to construct a new Steiner tree T ′ on K|V | with destination D such
that Cost(T ′) = Cost(P ∗) < Cost(T ∗). But this contradicts the hypothesis that
T ∗ was a minimum Steiner tree. A dual argument can be used to prove that if
Cost(P ∗) > Cost(T ∗), then P ∗ is not an optimal placement.

Since the problem of computing a Minimum Steiner tree is NP-Complete, we
use an approximation algorithm for this problem in order to obtain an approxi-
mation algorithm for the k-USP. We recall the following results by Kortsarz and
Peleg:

Theorem 7. [6] Let G = (V, E) be a graph and let D ⊆ V be a set of des-
tinations. There is an approximation algorithm for the minimum Steiner tree
problem on G with destination D and maximum depth d with approximation
ratio O(log |D|), for any constant d, and O(|D|ε), for any ε > 0, for general d.
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Given the discussion above, the following theorems can be easily proven:

Theorem 8. For any constant k, there exists approximation algorithm for the
k-USP with optimal approximation ratio O(log |D|).

Corollary 5. For any k, and for any ε > 0 there exists an O(|D|ε) approxima-
tion algorithm for the k-USP.

5 Open Problems

The immediate open problem left in our work is the design of better approxima-
tion algorithms for general graphs and d. Also, we do not know of any natural
class of graphs (other than trees) for which the problem can be solved efficiently.

From a more combinatorial point of view it would be interesting to ask if
there exists a function f(·) such that for all trees with n nodes the cost of the
best f(n)-SP is O(n). It is obvious that any function f(n) = Ω(n) will do (just
put a station in any vertex). We can show that f(n) = log∗ n works for complete
binary trees but could not extend this result to general trees.
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