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Abstract

In this paper we study optimization problems with verifiable one-parameter selfish agents introduced by Auletta
et al. [ICALP 2004]. Our goal is to allocate load among the agents, provided that the secret data of each agent is
a single positive rational number: the cost they incur per unit load. In such a setting the payment is given after the
load completion, therefore if a positive load is assigned to an agent, we are able to verify if the agent declared to be
faster then she actually is. We design truthful mechanisms when the agents’ type set are upper-bounded by a finite
value. We provide a truthful mechanism thatds (1 + €))-approximate if the underlying algorithmdsapproximate
and weakly-monotone. Moreover, if type sets are aszrete we provide a truthful mechanism preserving the
approximation ratio of the used algorithm. Our results improve the existing ones which provide truthful mechanisms
dealing with finite type sets only and do not preserve the approximation ratio of the underlying algorithm.

Finally we give a full characterization of th@||C... problem by using our results only. Even if our payment
schemes need upper-bounded type sets, every instan@f©f... can be "mapped” in an instance with upper-
bounded type sets preserving the approximation ratio.

1 Introduction

Optimization problems dealing with resource allocation are classical algorithmic problems and they have been studied
for decades in several models: centralized vs. distributed algorithms, on-line vs. off-line algorithms and so on.
The underlying hypothesis has been that the input is available to the algorithm (either from the beginning in off-line
algorithms or during its execution in on-line algorithms). This assumption turns out to be unrealistic in the context of
modern networks like the Internet. Here, the various parts of the input are owrsslfigjr(but rational) agents as

part of their private information (called thigpe and thus the optimization algorithm will have to ask the agents for
their type and then work on theportedtypes. In this context, it is realistic to assume that an agent will lie about her
type if this leads to a solutiofi that she prefers, even in spite of the fact thas not globally optimal.

The field of mechanism design is the branch of Game Theory and Microeconomics that studies ways of inducing,
through payments, the agents to report their true type so that the optimization problem can be solved on the real input.
In this paper we study the design of algorithms for solving (or approximately solving) combinatorial problems in the
presence of selfish agents.

Following the standard notation used in the study of approximation of combinatorial optimization problems (see,
e.g., ACG™99, Vaz01), we consider problems defined as four-tugl&sm, sol, goal), whereZ is the set ofnstances
of the problemsol(7) is the set offeasible solutionsf instancel; m(S, I) is themeasureof the feasible solutiot$
of instancel andgoal is eithermin or max. Thus, the optimization problem consists in finding a feasible solufion
for instancel such thaim(S*,T) = opt(I) := goaISESO|(1)m(S, I).

A c-approximatioralgorithm A for IT = (Z, m, sol, goal) is such that

m(A(I).I)  opt()
et m‘“{ opt(l) m<A<I>,I>} ¢
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In an optimization problenI with selfish agentsthere arem agents whictprivately knowspart of the input.
Thus every instancé € 7 consists of two part§ = (7, o), where the vectof” = (¢1,to,...,t,) is theprivate
part of the input and> is thepublic partof the input. In particular, we assume thais known to agent only, with
1 =1,2,...,mand we call; thetypeof agenti;. Thetype sel®,; of agent; is the set of the possible types of agént
In this setting, each agent will report some valyee ©; (which can be different by her true typg. An algorithmA
for the optimization problenil with selfish agents receives as input the vector of tids (b1, bs, ..., b, ), instead
of the true instanc@ it is supposed to solve. Each selfish agent incurs some morwetstryost; (S, ¢;), depending on
the feasible solutioy and her private datg. Since any agenitis selfish, she might declabg # t; so to induceA to
return a cheaper solution for ageéntUnfortunately, even thougH is c-approximating for the instancg, for B # T'
the solution returned byl on inputB has measure, w.r.t. the true instafdtdar-off the optimumopt(T).

Truthful mechanisms. In order to obtain a correct solution, algorith#nis equipped with gayment schem® =
(P1,...,P,) inorder to induce every agent to report her true type. After a soluffien A(B, o) is computed, each
agenti is awarded paymen®; (S, B, o). We assume that each agés rational in the sense that she picks her type
declaratiorb; so to maximize heprofit.

Definition 1 LetII be an optimization problem with one-parameter selfish agents4abd an algorithm forl, and
P be a payment scheme. The profit funcipestit of agenti with respect to the paifA, P) whenB is the sequence of
bids, o is the public information, and; is the true type of agerit S = A(B, o), is defined as follows.

profit, (S, B, o, t;) := P;(S, B, o) — cost; (S, t;).

It is natural to consider mechanisms in which the profit oftlle agent is maximized when she repdrs= t;. We
have thus the following classical notion ofrathful mechanismin the definition of a truthful mechanism (and in the
rest of the paper) the following notation turns out to be useful. Xet (z1,...,zx) be a vector. Forany < i < k,
the writing X _; denotes the vectaX_; := (z1,...,2;—1, %41 - .., 2x) and the writing(y, X_;) denotes the vector
(y, X—i) = (T1, oy i1, Yy T 1 -+ -5 Th)-

Definition 2 The pairM = (A, P) is atruthful mechanism for selfish agerit@nd only if for all o, for all agents:,
and all type declaration®

pl’Oﬁti(A((ti, B_i), O'), (ti, B_i), ag, t?) Z [.')FO'HJEi(x‘l(B7 O')7 B7 a, ti)-

In such a way, every agent maximizes her profit when she is truthful. Thus, we assume that in a truthful mechanism
every agent always reports her true type, and algorithalways works on the true instan@é As a consequence,

we say that a truthful mechanismt = (A, P) is c-approximatingfor an optimization problenil with selfish agents,

if Ais ac-approximating algorithm for every instanéeof I1. Since, in a truthful mechanism, agents are not sure to
have a positive profit, thus they would not participate in such a mechanism unless they were coerced. This motivates
the following definition.

Definition 3 A truthful mechanism satisfi@sluntary participatiorcondition if agents who bid truthfully never incur
a net loss, i.eprofit,(A((t;, B—i),0), (t;, B_i), 0,t;) > 0 for all public informations, for all agentsi, and for all
other agents’ bid$3_;.

One-parameter selfish agentsWe now review the concept of optimization probléinwith one-parameter selfish
agents(as discussed inAT01]). Here, each agerithas as private information a single parametex Q. Moreover,

a feasible solutiory of an instancd of II defines, for each ageiitan amountv,(S) of assigned work. We call such

a solutionS schedule Notice that in the definition of one-parameter probleAT(Q1]) the total amount of work to
schedule can depend on the private part of the idhuHowever we restrict ourselves, as in wide part of literature,

to the case in which the amount of work assigned to all agents depend only on the public information (and not on the
agent bids). We denote such an amount of load ju¥as 0. The cost function of agerithas the following special

form.

Definition 4 Let S be a feasible solution df. Then, the cost functiotost; (.5, t;) is defined as follows.
COStZ‘(S, fL) = WL(S) <t



Scheduling problems for one-parameter selfish machines.Scheduling problems are typical examples of opti-
mization problem for one-parameter selfish agents. doreeduling problenthe input consists aof: machine speeds

s = (81,82,...,8m) andn job weightsW = (wq, ws,...,w,). A scheduleS is an assignment of jobs to machines.

Let w;(.S) be the sum of the weights of the jobs assigned to machimescheduleS. In a scheduling problem the

task consists in computing a schedule that minimizes a certain cost function associated with the schedule. For in-
stance, in th&)||C,,4, problem the cost of a schedufeis the makespanl/.S(S) that is the maximum completion

time of the machines. Formally/S(S) = maxlgjgm{wggs) }. We consider the setting in which each machire
owned by a different agent and the spegedf machine; is the private information of agetit To be in a setting of
one-parameter selfish agents, we consider 1/s; as the type of agerit The public informatiorv is the sequence
W = (wy,ws,...,w,) of job weights. We recall tha®||C,.... problem is NP-hard. Throughout the paper we use

Q||Cmaz @S our main example.

Previous works. The celebrated VCG mechanis@Ia71, Gra66 Gra69 Vic61] is the prominent technique to derive
truthful mechanisms for optimization problems. However, this technique applies outijitarian problems, that are
problems where the objective function is equal to the sum of the agents cost functions (e.g., shortest path, minimum
spanning tree, etc.). In the seminal papers by Nisan and RO{RR®9 NRO( it is pointed out that VCG mechanisms

do not completely fit in a context where computational issues play a crucial role since they assume that it is possible
to compute an optimal solution of the corresponding optimization problem (maybe a NP-hard problem). Scheduling,
is a classical optimization problem that is not utilitarian, since we aim at minimizing the maximum over all machines
of their completion times and it is NP-hard. Moreover, scheduling models important features of different allocation
problems and routing problems in communication networks. Thus, it has been the first problem for which not VCG
based techniques have been introduced.

Nisan and RonerMJR99, NRO( give anm-approximation truthful mechanism for the problem of scheduling tasks
onm unrelatedmachines, when each machine is owned by a different agent that declares the processing times of the
tasks assigned to her machine and the algorithm has to compute the scheduling based on the values declared by the
agents. InfATO1] it is considered the simpler variant of the task schedulingeteted machines (in shot®||C.4..),
where each machinghas a spees; and the processing time of a task is given by the ratio between the weight of the
task and the speed of the machine. They characterized the class of allocation algdrittiroee-parameter problems
that admit payment schente for which M = (A, P) is a truthful mechanism. Essentially, truthful mechanisms
for one-parameter selfish agents must oemotonealgorithms and, in this case, the payment scheme is uniquely
determined (up to an additive factor). Intuitively, monotonicity means that increasing the speed of exactly one machine
does not make the algorithm decrease the work assigned to that machine. The reStitlbf¢duces the problem
of designing a truthful mechanism f}||C,,... to the algorithmic problem of designing a good algorithm which also
satisfies the additional monotonicity requirement. Efficient mechanisms for computing scheduling on related machines
with small makespan (a special case of one-parameter agents) have been provided by Archer andTTEdaisd,
subsequently by Auletta et aAPPP04&and by Andelman, Azar and Sora®iAMO5].

Afterwards, Auletta et al4PPPO4hconsider optimization problem for verifiable one-parameter problems. In this
model, payments are given to the agents only after the agents have completed the load assigned. This means that for
each agent that receives a positive load, the mechanismec#nif the agent declared to be faster that she actually
is. They showed that, in order to have a truthful mechanisms for verifiable one-parameter selfish agents, a necessary
condition is that the used algorithm must be weakly-monotone.

1.1 Summary of results

In this work, we extend some results given AFPPO4h The authors were the first to study optimization problems

for verifiable one-parameter selfish agents. Intuitively a verifiable agent is an agent that may lie in reporting their types
but the mechanism can verify whether agemnderbids (i.e. declaresha < t;), provided that the load assigned to this

agent is positive. For instance, for scheduling problems the mechanisaeggn through the observed completion

time of agent, if she declares to be faster then she actually is, provided that at least one job has been assigned to her.
In [APPPO4hwas showed that iiM = (A, P) is a truthful mechanism for an optimization problem for verifiable



one-parameter selfish agents thémust beweakly-monotoneThey also provide a payment scheiiavhich allows
to have truthful mechanism, when cardinality of type sets is finite.

In Section2, we give very simple and efficient payment schemes, leading to polynomial-time truthful mechanisms,
for a wide class of optimization problems with verifiable one-parameter selfish agents. In particular, we provide a
paymentP(!) that works fordiscreteandupper-boundedype sets (see Secti@). In this setting, we need that agents
bid from sets in which there is always a gap between the inverse of two types. Considering scheduling problems
(where types are the inverse of machines’ speed), no machine must be able to ¢xestitections per second, for
everyj € Q. Indeed, on the market there are only machines for given speeds. Moreover, we need that the agents
cannot declare more then a finite value. In scheduling problems, this means that an infinitely slow machine does not
exist. Thus our hypothesis seems to be very reasonable in many real life applications.

From a theoretical point of view, our results improve the ones giveARPPO4#, in the following sense:

¢ the class of the discrete and upper-bounded type sets properly include the class of finite type sets;

e our mechanism preserves the approximation ratio of the algorithm it uses, while the mechanism gi&EH04b
needs that the problem snooth(see Def.15) in order to obtain dc - (1 + ¢))-approximation if it uses a-
approximate algorithm.

In Section4, we give a payment schenfe®), leading to polynomial-time truthful mechanisms (Theorgd), for
agents having rational type sets upper-bounded (but not discrete). In order to obtain truthful mechanism we round the
agents’ bid. Using this rounding technique, if the algorithm used by the mechanisapjfgoximate, then nothing
can be said about the approximation of the same algorithm when runs on rounded bids. However, if the problem is
smooth then the mechanism has (1 + ¢))-approximation (see Theoreh¥). To best of our knowledge this is the
first result showing that weakly-monotonicity of the algorithms is a sufficient condition for the existence of truthful
mechanisms for optimization problems with verifiable one-parameter selfish agents with dense type sets. It left open
the case when type sets are not upper-bounded.

However, in Sectiorb, as application of our results we fully character@8C,,.... problem with verifiable one-
parameter selfish agents. The idea is to reduce any unbounded instance to a bounded one. In this @&y, since
is smooth then we have a polynomial-tifie(1+¢))-approximate truthful mechanism, given-approximate weakly-
monotone polynomial-time algorithm. Moreover, if the type sets are discrete, we obtain a polynomial-time truthful
mechanism which preserves the approximation, givempproximate weakly-monotone polynomial-time algorithm.

2 Truthful mechanisms for verifiable one-parameter selfish agents

In this section we study truthful mechanisms for optimization problems involving verifiable one-parameter selfish
agents.
A mechanismM for verifiable one-parameter selfish agents is a pdie= (A, P) working as follows.

1. The allocation algorithmi takes as input the sequence of bigls= (b, b, . . ., b,,) and the public part and
outputs a schedulé = A(B, o) for them agents. We recall that, (S) denotes the amount of load assigned to
agent; by the schedul& computed by algorithn® on inputB ando.

2. Each agent is observedo complete her assigned load in tifig> w;(S) - ;. Notice that agentcompletes the
loadw; (S) assigned to her in time;, (S) - ¢;. Agenti can however delay the release of the works and thus obtain
a larger observed completion time and the mechanism has no way of detecting it. Howevet,caopermt be
observed to finish her load before the actual completion tig{&) - ¢;. Sincew;(S) - t; is the request time to
agenti to complete the load/;(S), we denote withs; = ti thespeeddf agent.

3. Finally, after that agent releases the assigned works, she is awarded payment computed by applying function
P; on arguments, B, o, and theobserved completion timg of machine;.

We stress that in this setting, payments are provafést the execution of the load and thus agents are (partially)
verifiablein the following sense. If agentreceives an amount of load greater tligrthe mechanism can find out



whether agenthas declared to be faster than it actually is (thal;is; ;). Indeed, in this case the claimed completion
timew;(S) - b; is smaller than the actual completion timg(S) - t; and thus we have th& > w;(S) -t; > w;(S) - b;.
Since payments are providedter the completion of loads, the mechanism can make it inconvenient to claim faster
speeds.

In the rest of the section we referIbas an optimization problem for verifiable one-parameter selfish agents. Let
us now instantiate the definitions of profit and truthful mechanism in this new scenario.

Definition 5 Let A be an algorithm forII, and P be a payment scheme. The profit functpesfit of agenti with
respect to the paifA, P), whenB is the sequence of bids,is the public information; is the true type of agenit
S = A(B, o), and7; is the observed completion time of agefdr the loadw;(.5), is defined as follows.

profit,(S, B, o, t;,T;) := P;(S, B,0,7T;) — cost; (S, t;).

Definition 6 Let A be an algorithm fofll, and P be a payment scheme. A pait = (A, P) is a truthful mechanism
with respect tdl, if for all o, for all 4, for all bid vectorsB, and for all observed completion tim&s> w;(A(B, o)) -
t;, it holds that

profit, (S, (ti, B_i), 0, ti, w;(S) - t;) > profit,(A(B,0), B,o,t;,T;)
whereS = A((t;, B_;),0).

Given a truthful mechanissM = (A, P) for II, in [APPP0O4bthe authors give a necessary condition that algo-
rithm A must satisfy.

Definition 7 (weakly-monotone algorithm) Let IT be an optimization problem for verifiable one-parameter selfish
agents andd be an algorithm foflI. Algorithm A is weakly-monotonéf and only if, for all o, for all 4, for all declared
bid vectorsB such thatw,;(A(B, ¢)) = 0 and for allb;, € 6, with b, > b; it holds that

w; (A((b), B_;),0)) = 0.

In other words a weakly-monotone algorithdrhas the following property. Fix some inpB, o) for which algorithm
A assigns no load to agentlf agenti declares to be slower (that is, she declaes b;) and the declared speeds of
the other agents remain the same, thleassigns no load to agent

Lemma 8 ([APPP04H) LetII be an optimization problem for verifiable one-parameter selfish agemd. ¥ (A, P)
is a truthful mechanism fdr, then A is a weakly-monotone algorithm.

In the next sections, we give two payments scheme, leading to truthful mechanisms, for two subclasses of one-
parameter problems.

3 A payment scheme for discrete types

In this section, we consider only type séishaving the following property.

Definition 9 A set©); is saiddiscreteand upper-bounded:
e there exists a valug\; € R* such that, for alb,b € ©;,b # b, b~ — b~1| > A, (discrete)
e there exists a finite valusup € R such thatsup > b, Vb € O, (upper-bounded)

Next we define a payment scheme which allow us to construct truthful mechaniginidren agents have type sets
discrete and upper-bounded.



Definition 10 Let.S be a scheduleB be a bid vectorg the public part of the input and; the observed completion
time. Foreach = 1,...,m, we define

PM(S,B,0,T;) = { poe i Vrvlz‘(S) #0and7; = w;(S5) - bi;
o 0 otherwise.

wherecl(.l) € R is a constant to be given.

The idea behind the paymeﬁ;fl) is to give to agent a disincentive to declare to be slower than she actually is. On the
other hand, ageritis also discouraged to declare to be faster, if we use verification and weakly-monotone algorithms,
as shown in the next theorem.

Theorem 11 LetII be an optimization problem for verifiable one-parameter selfish agentsdamel a polynomial-
time weakly-monotone algorithm fé. If every©, is upper-bounded by a finite valsep, and it is discrete w.r.t. a

known valueA,, then for everyl < i < m there exists a value for the constaép such thatM = (4, PM) is a
polynomial-time truthful mechanism fok. Moreover,M satisfies voluntary participation condition.

PROOF Let S;, be the schedule computed by when takes as input;, B_;), andS;,, be the one on the input
(b;, B—;). To demonstrate that1 is a truthful mechanism, we show that the following relation holds.

profit; (St,, (t;, B_i), 0, ti, Wi (St,) - t;) — profit;(Ss,, B, 0,t;,T;) > 0; Vb € 0,,¥VT; >w;i(Sh,) - t;.

For sake of readability we denotg, B_;) asT andw;(S;,) - t; asZ;".
We first consider the case;(Sp,) = 0. From Def.10 we have thaprofit,(Ss,, B, o,t;, 7;) = 0.

profit;(S,, T, 0,t;, 7;*) — profit,(Sy,, B,o,t;,7;) = profit;(S;,, T,0,t;, T;")
. C(»l) — Wi(St,i) . tj,

7

v
SIS =l=

D

M
. L _ g > 1
sup U= 0 (6
for all the values:\" > su?.

By the above calculations, we hapeofit,(S;,, T, o,t;, 7;*) > 0, and thusM satisfies voluntary participation
condition. We left the case;(.S,,) > 0. We distinguish two cases.

s

Case 1p; > t;). SinceA is weakly-monotone it holds that;(S;,) > 0. If profit,(Ss,, B, o, t;,7;) < 0, from equa-
tion (1) we have
profit;(Sy,, T, o, t;, ;™) — profit,(Sy,, B, o, t;,7;) > 0

for c§1> > sup. Letprofit;(S,, B, o,t;, 7;) > 0. Then we have:

profit;(Sy,, T, o, t;, ;™) — profit,(Sy,, B, o, t;,T;)

1 1
W (t' B b) ' Cl('l) - (Wz(stl) - Wl(sbl)) i

W-A; -V —W.supg >0

Y]

for all the vaIues:Z(.l) > sup/A;.

Case 2 p; < t;). SinceT > w;(Ss,) - b;, we have thatPi(l)(Sbi,B,a,Ti) = 0 and profit;(Sy,, B, 0,t;,7;) < 0.
Therefore, from equatiorl) we have:

profit;(Sy,, T, o, t;, T;*) — profit,(Sy,, B, 0, t;, T;) > profit,(St,, T,0,t;, ;") > 0

for ¢ > sug.



Hence, fore!") > max{su?, %?}, M is truthful.
It is straightforward that payment sche®é€") is computable in polynomial time. O

As argued in Sectiod, if A is the algorithm used in a truthful mechanism, then it always works on true types,
since every agent always reports her true type. As a consequercs,dfapproximate andt = (A, P) is a truthful
mechanism themM is c-approximate as well. Thus, from Theordrhwe have the following.

Theorem 12 LetIT be an optimization problem for verifiable one-parameter selfish agentsdamg a polynomial-
time c-approximating weakly-monotone algorithm fidr If every©®; is upper-bounded by a finite valdep, and is
discrete w.r.t. a known valud;, thenM = (A, P(")) is a polynomial-time:=-approximate truthful mechanism fé,
satisfying voluntary participation condition.

Notice that if a type set is finite then it is discrete and finitely upper-bounded. Conversely if a type set is discrete and
finitely upper-bounded it could contains infinite values. For instance consider the case in which fareviery . , m,
0, C {i~!|i € N}. This is a special case of the discrete and upper-bounded typaset:1 and sup = 1, for every
type seto;.

4 A payment scheme for rational types

In this section, we show how the extend our payments in order to deal with rational type set which are only upper-
bounded by a finite value sppTo do that, we apply a rounding technique on types. Given a bid véttare denote

with B the vector obtained by by replacing each elemebgtwith a rounded valug? of b;. If a7 < b;! < a7*1,

thenb? = 1/a7*! for somey € Z. Thus, if B = (b, ba, ..., by,) thenBE = (b, 05, ... bl). Given an algorithm

A for II, we define algorithnd,, as the algorithm that, on inpi ande, simply run algorithmA on input B ando.

Definition 13 Let.S be a scheduleB be a bid vectorg the public part of the input and; the observed completion
time. Foreach = 1,...,m, we define

w2 e Wi (S) b
]31_(2)(57 B, o, 7;) = bR G if Wm(S)- # 0 and7; Wz(S) bi;
0 otherwise.

wherec? is a constant.

The idea behind payment schet®€” is similar to the one foP(*). The difference is that we consider the rounded
bid b7 instead of the declared big. In the next theorem, we will better clarify the meaning of cons&éﬂt

Theorem 14 LetII be an optimization problem for verifiable one-parameter selfish agents whose types are positive
rational, and letA be a polynomial-time weakly-monotone algorithmTbrlf every®; is upper-bounded by a finite

valuesup,, then for everyl < i < m there exists a value for the constaajf), such thatM = (A,, P?) is a
polynomial-time truthful mechanism for. Moreover, M satisfies voluntary participation condition.

PROOEF First note that, ifA is weakly-monotone theA,, is weakly-monotone as well. L& be a vector of bids, and
St, be the schedule computed by algorittin when takes as inpyt;, B_;), andS;, be the one on inpu®;, B_;).
To show thatM is truthful, we prove that

pI’O]Citi(S,fi7 (ti, B_i), o,ti, wz(Stb) . ti) — profiti(Sbi,B, o, t;, Z) > 0; Vb € @i,v 1 > Wi(Sbi) -t
For sake of readability we dendie = (¢;, B_;) andZ;" = w;(Sy,) - t;. We firstly consider the case;(.S;,) = 0.

profit;(Sy,, T, o, t;, ;™) — profit;(Sy,, B, o, t;,7;) = profit,(S,, T, 0,t;, ;) (2)
W
= me’ —wilS,)
1
> QR ~c§2) -W.—
t; o
> W. (awl A 1) A3)
7 a?



By simple calculations we have that Ejis greater or equal td when

log P
>_—oam 4
v 2 5 3 4)

At the end of the theorem, we discuss as choosgﬁbin order thatM is truthful. From Eqg.2, we also have that
profit;(Sy,, T, o, t;, ;") > 0, thus M satisfies voluntary participation condition.
It remains to show the case (S,) > 0. We distinguish two cases:

Case 1f; > t;). SinceA is weakly-monotone antf® > £ it holds thatw;(S;,) > 0. W.L.o.g. we only consider the
case in whichprofit; (S, , B, o, t;, 7;) > 0. We first analyze the ca$é’ = t%, i.e. b; andt; are rounded to the
same power ofy.

profity (S, 7,06, T7) = profit (S Bt ) = W (= ) e = (ws(S0) — wi(S5,) 1
1 1
= W (tR - tR> cef? = (wi(Sr) — wi(Sh,)) < ti = 0.

Here, we analyze the remaining case in whifh> t£. Then, for somey € Z, it holds:

1 1
prOﬁti(Stha a, th*) - prOﬁti(Swavo-7 tialz;) w- (tR - bR> . CZ('Q) - (Wl(St,) - Wz(Sbb)) : ti

= () 4w
> W (@t —a7) e —W~%
- (WH —a”) P - O;) (5)
By simple calculations we have that Exjis greater or equal td when:
v _loga;cEQ)) _ log, (;1 - 1). ©)

As in the previous case, we postpone the discussion of the choosdzﬁtj af the end of the theorem.

Case 2 p; <t;). SinceT > w;(S,) - b;, we have thaPi(Q)(Sbi, B, 0,7;) = 0 andprofit, (S

implies thatprofit; (Sy,, T, o0,t;, ;") — profit;(Sy,, B, 0,t;, 7;) > profit;(S,, T,0,t;,T;

) > 0.

Here we discuss how to choose the consté??t in order to satisfy both Eg4 and Eq.6, for any value ofy. In
particular, we just show for the case in whigh= v, Wherevyy, is the minimal value thaf can have. Because

o < (550) " = i, then by simple calculation we havg,, = [log, 55 1- Sincelog,, (c!*) can have as value

sup; — sup; g
any real number by varying§2), we can compute a value of) such that both E4 and Eq.6 are satisfied when
¥ = Ymin. HeNce it is straightforward that payment scheRi& is computable in polynomial time. )

Discussion about the rule of constant:§2). If in Def. 13 the constant:,EQ) is not used, then from Ed¢ and Eq.6

we may observe that in order th&t is truthful, type set®; must be upper-bounded by a constant which depends on
the value Ofmax{f%, 7%}. Thus,c§2) allows us to deal with any type séx; that is upper-bounded by any
constantup;.



In order to have truthful mechanism for the problem at hand, involving agents having type set upper-bounded by a
finite value, we round the bids. But what about the approximation®i#f a c-approximation algorithm, then nothing
can be said about the approximation4f. Next, we define the class of problems for which the rounding increases
the approximation ofd, by a guarantee factor with respect to the approximation guarantde bfenceforth, we
restrict our attention only to minimization problems. We stress that similar arguments can be applied for maximization
problems as well.

Definition 15 Fix e > 0 andd > 1. A one-parameter minimization problefh = (Z, m, sol, min) is (4, €)-smooth
if, for any pair of instanced = (7,0) andl = (T,c) such thatt; < ; < 6 -t; fori = 1,2,...,m, and for all
S € sol(o), it holds that

m(S,I) < m(S,I) < (1+e€)-m(S,1).

For instance, observe th@{|Cy,q is (o, a — 1)-smooth for alle > 1. From the above definition, it is straightforward
the following remark.

Remark 16 LetII be a (4, e)-smooth one-parameter minimization problem andllet (T,¢) andI = (T, 0) be
two instances ofl such thatt; < ¢; < ¢ -t;, fori = 1,2,...,m. Then, anyc-approximate solutiort for I is
(¢ (1 + ¢))-approximate for and anyc-approximate solutior$ for I is ¢ - (1 + ¢)-approximate forl.

From Theoreml4 and the above remark we have the next theorem.

Theorem 17 LetII be a(a, a — 1)-smooth optimization problem for verifiable one-parameter selfish agents whose
types are positive rational, and let be polynomial-time-approximate weakly-monotone algorithm fdr If every

O, is upper-bounded by a finite valsep,, then M = (A,, P?) is (« - c)-approximate polynomial-time truthful
mechanism fofl, satisfying voluntary participation condition.

5 Applications to Q||C),.. problem

In this section we give a non-trivial application of our results to the well knGc€,,.... problem. In the case in
which type sets are discrete, then givea-approximate polynomial-time weakly-monotone algorithm @3tC,,,q.
problem, we can constructapproximate polynomial-time truthful mechanism @ C,,.... On the other hand, when
we have no constraints on the type sets, then giveapproximate polynomial-time weakly-monotone algorithm for
Q||Caz Problem, we can construtt - (1 + €))-approximate polynomial-time truthful mechanism @} C,,,q., for
everye > 0.

We refer to the Sectiof for the definition of the problem. In th@||C,,.... problem with verifiable one-parameter
selfish agents the machines are owned by verifiable selfish agents wanting to maximize their own profit (as discussed
in the sectiorl) disregarding the global makespan minimization. In particular, the job weights (w1, wa, . .., wy,),
are the public part of the input, and the speeds of the machines are the private part of the input, that is, each agent
1 privately knows the speed of her machine. As usual, we assume that the types of the agents are the inverse of the
speed.

As shown in Theoremi1 and Theoreni4, to apply our payment schemes, type sets must be upper-bounded by a
finite value. ForQ||C,.... problem, since types are the inverse of the speeds, it means that the speed of every agent
(the inverse of the declared bid) has to be lower-bounded by a constant greater bathis could be not the case.
Therefore, here we show a method to deal with these cases. We show that is ever possible to reduce any instance of
Q||Cmaz to the one where every type set is upper-bounded by a finite value preserving the optimum of the instance.

The idea is to give a lower bound on the speed (an upper bound on the declared bid) to each agent depending on
the declaration of the other agents. Thus, if an agent declares a speed value too small with respect to the other declared
speeds, then she can be discarded. Let us proceed more formally.

To compute the lower-bound of each agent we execute the following algorithm taking as input the bidBrector
and the weight of the jobd. (We call this algorithmBoundTypes(B, W).)

1in the rest of the paper, with an abuse of notation, we will simply @alC,,... problem the one with verifiable one-parameter selfish agents
since here we deal only with the latter.



1. foralli € {1,...,m}, if s; is lower bounded by a consta#it > 0, then use this value as lower bound for the
machinei, otherwise execute the steps- 3;

2. Letk be a fastest machine ifi,...,i — 1} U {i + 1,...,m} w.rt. the bid vectoB (that is a machine with a
smallest bid without considering machifjelet time; be the time needed (considering the bjigl for machine
k to execute all the jobgime; = W - by;

3. letw; be a minimum weight job; use the valag=

mne as a lower bound for the speed of machine

To understand the motivation of this method, we consider the following: if the machieelares; > =, then for

any optimum solutiorO PT we havew;(OPT) = 0, since there exists a machine requiring less tlme to execute all
jobs with respect to the time needed to machin@ complete a job having the smallest weight. 4ebe a weakly-
monotone algorithm fo€)||C,,... problem. Now, we describe a weakly-monotone algorithhior Q||C),.... Which
usesA as a subroutine A’ has the same approximation ratio 4fand can be used to deal with machines having
unbounded speeds. It takes as input the bid veBtand the weight vectdi?” and outputs a schedufe

1. Let(31, -+, 8m) = BoundTypes(B, W); let B the bids vector without the machines bidding > L; let S
be the schedule returned byexecuted o3 andW;

2. Let S be a schedule equal t® for all machines declaring; < Si and assigning to all the other machines;
return.S as the schedule.

Now, we show that this algorithm leads to a truthful mechanism (together with our payment schemes) and that it
has the same approximation ratio of the algorithm

Lemma 18 If A is a weakly-monotoneapproximate algorithm fo€)||C.,.... problem, themd’ is a weakly-monotone
c-approximate algorithm fo®||C,.. problem.

ProOOF We first show thatd’ is a scheduling algorithm. Sincé is a scheduling algorithm, we have only to show
that at least one machine is given in input to algoritAmNow, we show that we never discard the fastest machines.

Leti be a fastest machine i, ..., m} andk a fastest machine ifil, ..., i — 1} U{i + 1, ..., m}. Then, obviously
Sk = 1k < 1 = s;. LetT be the time needed by machih¢o execute all jobs and let be a smallest job. From the
definition ofsz, we haves; = % = 3% - sp < s < s;. This implies that the fastest machines surely are not discarded.

We now prove thatd’ is weakly monotone. Fix a bid vectd, and suppose that;(A’(B,W)) = 0. We prove that

w; (A ((t', B_;),W)) =0, for everyb’ > b;. Inthe casé’ > 1 , trivially w; (A’ ((v', B—;), W)) = 0, since machine

will be discarded. 1®; < =, then machine is not dlscarded amiA’((b’ _:), W)) = 0, given that algorithm is
weakly-monotone. Fmally, to show that the algoriththis ac-approximate algorithm, we only prove that the deletion
of the "slowest” machines does not modify the optimum. More specifically, tee initial instance of the problem
andOPT be an optimum solution fof. If b; > Si (i.e. machine is a discarded machine), then(OPT) = 0. In
fact, the time needed by the machint® complefe the smallest jab is greater then the time needed to the fastest
machine to complete the overall jobs. |

Algorithm A, using the algorithnBoundTypes, reduces any (potentially unbounded) instah@d Q||Cyq. t0
a bounded instanckeof Q||Cyq.. Thus we can apply our payments scheme. By Lerifend Theoreni2we have:

Theorem 19 Let A be ac-approximate polynomial-time weakly-monotone algorithm@oiC,,.... problem. If every
O; is discrete w.r.t. a known valud;, then there exists aapproximate polynomial-time truthful mechanigvt =
(A, PW) for Q||Cnaz, Satisfying voluntary participation condition.

By Lemmal8, Theoreml7 and sincey)||Cynq. problemis(1 + ¢, €)-smooth we have:

Theorem 20 Let A be ac-approximate polynomial-time weakly-monotone algorithnidgC,,,... problem. Then, for
anye > 0, there exists dc- (1 + ¢))-approximate polynomial-time truthful mechanigv = (A’, P(®) for Q||Crnaz.
satisfying voluntary participation condition.
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