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[ Introduction
[1 2D exact pattern matching

[1 2D approximate pattern matching using the 2D Hamming
distance and KS distance

LI Summary.
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Objective ~pse-

[] There are many interesting results in the domain of
matching by finite automata.

[ Is there any possibllity to reuse at least some of these
results for matching in multiple dimensions?

J.Z.: FA and 2D Pattern Matching — W2DL, Salerno 2006 — p. 3



Finite Automata o P

There Is a class of tasks solvable by finite automata (FA).
For a given task one can

[] construct DFA,
(] run DFA over an input,
[] obtain a solution.

Fact: In practice NFA is usually constructed much easier than
DFA.

Problem 1. We cannot run NFA directly because of its
nondeterminism.

Solution A of P. 1: Transformation of NFA to DFA using the
standard subset construction (Hopcroft, Uliman — 1979) It may lead up

to the exponential blow up of states (|Qppa| < 2/@vmal),
Advantage: Once we have DFA, it runs in O(|T'|) time.
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Finite Automata P

N.B.: For PM automata it is much better, e.g. O(| X |*|P|*1)
states in case of PM using the Hamming distance.
(Polcar, Melichar — to be published)

Solution B of P. 1. Simulation of NFA runs always slower than
DFA but has lower memory requirements and simple
preprocessing.

Basic simulation method runs in time O(n|Qyr4]?) and space
O(| 211Qnral?). (Holub — 2000)

Implementation using bit vectors runs in time

O (n|QNFA\ PQ{LVU—F“D and space O (\EHQNFA] [%D
(w 1s the length of a computer word measured in bits.)
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Finite Automata i) e

method space complexity

time complexity

Exact string matching

direct construction of DFA O(m|X]) preprocess O(m|X|), run O(n)
bit parallelism O +m|X]) preprocess O(m + 2| X|), run O(>n)
dynamic programming O(m) preprocess O(m), run O(mn)
Approximate string matching Hamming distance
NFA (construction) both O((km — % + %)|E| + km)
bit parallelism O((k[ 21+ |X|m) | preprocess O((m + [][2]| + k[ Z2])

run O((kn[27)

dynamic programming O(m)

preprocess O(m), run O(mn)

(Part of the table summarizing the previous results: Holub, Spiller — 2004)
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Finite Automata @ e

(1 All (1D) pattern matching problems can be solved by finite
automata. (Melichar, Holub — 1997)
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Classification of 1D Matching Problems

Classification of 1D pattern matching problems:
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Finite Automata ¢ b5

[] To solve two or more dimensional problems by finite
automata, appropriate transformation is needed.

|ldea of linear reduction:
(] multiple automata will be used,
] their results (preprocessed text) passed among them.

[] The dimension of the problem is reduced by one in each
step in the last step classical pattern matching can be

used.
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Idea of 2D Exact Pattern Matching s

Pattern Array Text Array
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Idea of 2D Approximate Matching s
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Problems of 2D Pattern Matching «)bsc-

Let P (pattern) and T' (text) be pictures over some alphabet »
and let P € ymxm' T c ynxn’ o >mon! >m.

[] A two-dimensional pattern matching problem:
to locate picture P as a sub-picture inside of 7.

(1 A two-dimensional occurrence of P in T":
[] exact, If P isincluded in T as a sub-picture,

[] approximate, if for some sub-picture X of T’
2D-dist( P, X) is minimal or 2D-dist(P, X ) < k.

(2D-dist is a function defining a 2D distance between two pictures.)
2D approximate pattern matching using some 2D edit
distance &, k € Ny means to find all occurrences of Pin T
with equal or less than & errors.
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Problems of 2D Pattern Matching @) bsc-

Let row;(a) denotes the i"-row of picture a and col;(a)
denotes the :"*-column of a.

2D approximate pattern matching using the 2D Hamming
distance k, (2D PM with £ mismatches):

to find all occurrences of P in T with equal or less than &
mismatching symbols, £ € Ng, kK < mm/.

The 2D Hamming distance can be described by this formula:

n/

H(X,P)="Y edy (coly(X), col;(P))

1=1

Function edy computes the Hamming edit distance (Hamming -
1950) comparing two rows row;(X ) and row;(P) or two columns

col;(X) and col;(P).
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Problems of 2D Pattern Matching ()bsc-

Krithivasan and Sitalakshmi — 1987 . Extension of the edit
distance (Levenshtein — 1965) for two dimensions. It allows replace,
Insert, delete edit operations.

Given two images of the same shape, their KS 2D-distance is
the sum of edit distances of corresponding row or column
pictures.

The KS distance computed using columns of two compared
pictures can be described by this formula:

,n/

KS(X,P) =" edy (coly(X), col;(P))

1=1

Function ed; computes the Levenshtein edit distance
comparing two columns (or rows) of pictures X and P.
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Problems of 2D Pattern Matching @ s

Observe: to be able to sum the number of 2D errors in an
occurrence, the length of matched rows or columns should be
fixed.
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Problems of 2D Pattern Matching (s)bsc-

Observe: to be able to sum the number of 2D errors in an

occurrence, the length of matched rows or columns should be
fixed.

Question: Having the length of 1D pictures fixed, are KS and
Hamming distances between them still different?
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Problems of 2D Pattern Matching () bsc-

Observe: to be able to sum the number of 2D errors in an
occurrence, the length of matched rows or columns should be
fixed.

Question: Having the length of 1D pictures fixed, are KS and
Hamming distances between them still different?

Consider p = a(ba)*, and one delete (or insert) at position 2,
i.e. x = a(ab)'c,1>0,ce X.
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Problems of 2D Pattern Matching )bsc-

Observe: to be able to sum the number of 2D errors in an
occurrence, the length of matched rows or columns should be
fixed.

Question: Having the length of 1D pictures fixed, are KS and
Hamming distances between them still different?

Consider p = a(ba)*, and one delete (or insert) at position 2,
i.e. x = a(ab)'c,1>0,ce X.

Then
edg(x,p) =21, Vi>0 Ac#a

edr(z,p) =1+1,c#a
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2D Matching Using Finite Automata o)

Let the pattern P € )** be viewed as a sequence of strings.
Without loss of generality let these strings be its columns, i.e.
the patternis P € L%, Lp C X™ is a 1D language of
columns of P.

Our method uses two finite automata:

1. (Nondeterministic) finite automaton (transducer)
preprocessing text 7' as set of columns, and producing
text 7" of the same shape and size as T..

2. (Nondeterministic) finite automaton searching for a
representing string of P in rows of 77;
(1D) occurrences of this string determine positions of
2D occurrences of P in T.
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2D Matching Using Finite Automata )

Algorithm
The strategy of searching for P in text T.

[ Let II be the set of all (distinct) columns of P, treated as
iIndividual strings.

[] Build the dictionary matching automaton
M(Il) = (Q, X, X" 9,1, F) (transducer) of type SFF ?CO.
I Its final states represent some pattern from I/
and
] columns of P are identified with final states of the
automaton M (II).

[1 Automaton M (II) is applied to each column of 7" and new
picture 7" is generated. Its elements are determined by
run of M (IT).
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2D Matching Using Finite Automata )

Algorithm

[] Create a string R over the set of final states representing
the pattern P: i'* symbol of R is the final state identified
with ¢** column of P.

[] Build the string matching automaton M’ of type SFO?CO.

[] Rest of the entire process consists of locating R inside the
rows of 7”7, reporting eventual (1D) occurrences of R in 1"
and therefore also 2D occurrences of P in the original T'.
T'c Q*, T'c [P, Ly C F™ is a 1D language of
columns of 7.
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2D Exact Pattern Matching @) s

Our automata-based method of 2D exact pattern matching is
[] based on the idea of BIRD and BAKER.

[] Searching for a set of strings and reducing dimension of
the problem by SFFECO automaton A.

(] Set IT of (distinct) strings of pattern array P (its
columns or rows).

1 Transducer A(Il) = (Q, X,Q,0,{q}, I') accepting
language L(A), L(A) = X*II = {wp; w € X*,p e Il}.

L] VQl S Q,(l - 2 (5(Q1,CL) > {(QQ7QQ)} < EI5(Q17a) > q2
In the SFFECO automaton. a € Y, ¢» € ().
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2D Exact Pattern Matching @ s

[] Searching for occurrences of R by SFOECO automaton
A

A = ({QO7 qi, - - - aqm}v 2/7 5,7 {QO}7 {qm})’ accepting
language

L(A) = Z"R = {wR; we 5™, Re (Z\ (5'\ F))™}.

2. Is the output alphabet and F' is a set of labels of final
states of automaton A from the preprocessing step.
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2D Exact Pattern Matching @) s

Let P ¢ Xmxm' T ¢ ymxm,
[1 Asymptotic time complexity: O(log |X|| T'|).
[1 Asymptotic space complexity: O(|T),

Optimized processing needs only O(log

Y||P| 4+ n) space.
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2D Approximate Pattern Matching s

Our model of 2D approximate pattern matching using the 2D
Hamming distance is composed of two NFA's.

They cannot be used directly — require simulation:

[] Set II of (distinct) strings of pattern array P (its columns
or rows), the maximum number of 2D errors allowed £,
kEe N, kE<mm.

A(Il) = (Q, X, 2", 0,1, F) accepting language L(A),
L(A) = X*Hy(Il) = {uv; u,v € V* edy(v,p) <
min(k, |p| —1) A p € II}.
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2D Approximate Pattern Matching s

Let an ordered couple (s, x) be the label of a final state of
A(Il), © ¢ @ be a special symbol not among the labels of
States.

Let s be a number of a stringin 17, 1 < s < |II|, x be the
number of errors found in the particular occurrence of p, € II.

The output mapping of transducer A(II) constructs 7" so that:
Vi,7,s 1 <i<n,1<j53<n,1<s< I

T'li. . 5] { T ;qactive,q € F,q = (s, 1),

© ; st sub-automaton has no active final state.

[] Preprocessing — dynamic programming in
O(mm/nn’) = O(|P|| T|) time.
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2D Approximate PM - Preprocessingpsc-

SFFRCO automaton for the approximate
matching of set of strings using the Hamming
distance accepts finite set of strings 11, each
p; € II, with at most ¥/ = min(|p;| — 1, k)
mismatches.

L(AH) = E*Hk(ﬂ), where Hk(ﬂ) = {az; xr €
2*, edy(z,p) < min(k,|p| —1) A pe II}.

/
)
N Pmm/
T _>
~
~N
~ ~
~ ~
\\ \\
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2D Approximate Pattern Matching s

For the matching phase an automaton is required for the error
counting approximate pattern matching of representing string

R.
Here SFOI'CO automaton should be used, that is a finite
automaton able to match pattern R using the I'" distance.

Definition: Let )’ be an ordered alphabet.
I" distance edr (v, w) between two strings v, w € X',

0]
IS ;::1 lvli] — wli]| .

(Cambouropoulos, Crochemore, lliopoulos, Mouchard, Pinzon — 1999)

v = |w
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2D Approximate Pattern Matching s

Let the distances between two symbols, final states’ labels of
M (II), be defined as follows:

z—y|l ; s=t,
(s, 2) = (L, y)| = m' 5 ((s,2) vV (Ly)) = O,
m ; s#t.

Let function f(T"[i, j], s) be

o T'i, 5,8 ; T'i,7,s| # @,
F(Tigls) = T bl s Tlg sl 7
|p3| y T [27]78] — @7 pS = H
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2D Approximate Pattern Matching s

The matching phase:
Let A" be A" = (Q', 2,8, {q;}, F').

6" is a mapping Q' x f(cur_pos,s) — 29, where cur_pos is the
current element of 7”7 under the head of A’, s is the number of
a string from I/ expected at the current position.

[1 Matching — simulation in O(m|T'|) time.
[1 Asymptotic time complexity: O(|P||T)).

[1 Asymptotic space complexity: O(m|T|),
optimized processing needs only O(mn + | P|n).
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2D Approximate PM — Matching s

The maximum number of mismatches & V ' L e
canbek=K—1=|P|—1=mm’'—1. N
(“i, @" denotes no match of string p;.)
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2D Approximate Pattern Matching s

Using different automaton for preprocessing of 7' we have
obtained a new model of 2D approximate pattern matching
using the KS distance.

As In the previous solution for 2D Hamming distance, this
model requires simulation too. The complexities remain the
same.

(1 Asymptotic time complexity: O(|P||T).

[1 Asymptotic space complexity: O(m|T)|).
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Summary and Open Problems #sc

(1 Finite automata can be used even for multidimensional
pattern matching.

[1 Method of 2D exact pattern matching.

(] Methods of 2D approximate pattern matching for two
distances: 2D Hamming and KS.

Open problems:
[1 Models for more distances.

[] Possibilities of application of weighted automata to deal
with some problems encountered in practice.
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Comparison with Prev. Results @) s

There exist different approaches to the problem, for the comparison only some serial

deterministic approaches are taken.

[] 2D exact pattern matching

[ First result: Bird, Baker (independently in 1977-8).
Based on Knuth-Morris-Pratt and Aho-Corasick
algorithms. O(log | Y |nn') asymptotic time complexity.

(] Our result is equivalent in terms of time complexity
and improves the space complexity.

[ Amir, Benson and Farach (1992)
(with preprocessing given by Galil and Park (1992))
linear worst-case time, alphabet-independent algorithm.

(] Our result is alphabet dependent, it is linear provided
that the alphabet is fixed.

Add-ons — p. 31



Comparison with Prev. Results @ s

[1 2D approximate pattern matching

(1 Krithivasan and Sitalakshmi (1987)
O (km (m logm' + 2™ 4+ nn )) time complexity.

[1 Ranka and Heywood (1991) O ((k + a) (blogb + n?)) time
complexity, where ¢ = min(m, m’) and b = max(m, m').

[ Amir and Landau (1991), Crochemore and Rytter
(1994) O ((k + log | X|) n?) time complexity.

1 Our result: O(m?n?). (Consider k — m? above.)
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